Introduction
Many engineering devices can be modeled as an axially moving beam. Under certain conditions, an axially moving beam may undergo transverse and longitudinal motions that are usually coupled if the geometrical nonlinearity has to be considered. Thurman and Mote first developed the full governing equations of planar motion and calculated the nonlinear fundamental frequency from a set of simplified governing equations ͓1͔. Tabarrok et al. ͓2͔ derived another version of the governing equations and discretized the equations based on the eigenfunctions of the stationary beam. Wang and Mote ͓3͔ studied the linear coupling between the transverse and longitudinal motions due to the finite equilibrium curvatures and validated the theoretical predictions by the experimental observations of a band/wheel system. They also considered the effects of the displacement impulse on the coupled linear equations ͓4͔. Wang ͓5͔ further examined the effects of the end curvatures. Hwang and Perkins ͓6,7͔ derived a set of the governing equations for the planar motion of an axially moving beam with initial curvature and studied the equilibrium bifurcation and vibration in the supercritical speed regime. Their model applied in coupled band/wheel systems is supported by the experiment ͓8͔. Riedel and Tan ͓9͔ studied the forced response of a nonlinear axially moving beam with coupled transverse and longitudinal motion and applied the method of multiple scales to examine internal resonance based on the Galerkin truncation. Kong and Parker ͓10͔ proposed a model for coupled belt-pulley vibration in serpentine drives and numerically solved the problem via the Galerkin truncation. In above-mentioned works, the governing equations were simplified in one way or another and only a few low order nonlinear terms were retained. Besides, so far there have been no direct numerical approaches, such as the finite difference scheme, applied to the coupled vibration of axially moving beams. To address the lack of research in the two aspects, the present investigation focuses on the steady-state periodical response to the transverse external load based on the finite difference solution to the full governing equations of coupled vibration of an axially moving beam.
Under certain conditions, the transverse motion can be decoupled from the longitudinal motion so that a model is obtained to govern the transverse motion. One of such conditions is the quasistatic stretch assumption. Under the assumption, Wickert developed a nonlinear model for transverse motion of axially moving beams ͓11͔. The approach is also referred as Kirchhoff's approach ͓12͔. The model is a nonlinear integropartial-differential equation, which is widely used ͓11-22͔. Nevertheless, there is another nonlinear model for transverse motion derived from the coupled model by setting all longitudinal term zero and omitting higher order nonlinear terms. The model is a nonlinear integro-partial differential equation, which is also used ͓21-31͔. Approximate analytical results based on the two models were compared for parametric vibration ͓21͔ and free vibration ͓22͔ of axially moving beams. It is found that the predictions made by the two models are qualitatively the same but quantitatively different. However, so far it has not been clear, which model yields better outcomes. The additional goal of the present investigation is to examine the validity of the two nonlinear models and to determine the superiority in the sense of approximating the coupled governing equation of planar vibration. The steady-state responses calculated from the two models are contrasted with the results based on the coupled equations of planar vibration.
Viscoelasticity is an effective approach to model the damping mechanism. The viscoelastic beam in the present investigation is assumed to obey the Kelvin constitutive relation, while all abovementioned works on coupled vibration ͓1-10͔ are about elastic beams. When the differential-type constitutive laws including the Kelvin relation are incorporated, some investigators used the partial time derivative in the viscoelastic constitutive relations ͓21,30͔. However, Mochensturm and Guo ͓32͔ demonstrated that the material time derivative should be used to account for the added "steady-state" dissipation of an axially moving viscoelastic string. Actually the material time derivative was also used in other works on axially moving viscoelastic beams ͓24-26,29͔. In the present investigation, a coordinate transform will be proposed to develop the governing equations, which can introduce naturally the material time derivative in the viscoelastic constitutive relation.
The present paper is organized as follows. Section 2 establishes the governing equations, a set of nonlinear partial-differential equations and develops the finite difference scheme to solve the governing equations numerically. Section 3 presents numerical results of steady-state periodical response. Section 4 compares the coupled equations of planar vibration with two governing equations of transverse vibration. Section 5 ends the paper with the concluding remarks.
Mathematical Formulations and Numerical Approach
Consider a uniform axially moving beam of density , crosssectional area A, moment of inertial I, and initial tension P 0 . The beam travels at the uniform constant transport speed c between two boundaries separated by distance l. Assume that the deformation of the beam is confined to the vertical plane. A mixed Eulerian-Lagrangian description is adopted. The distance from the left boundary is measured by fixed axial coordinate x. The beam is subjected to an external transverse excitation F͑x , t͒ only, where t is the time. The in-plane motion of the beam is specified by the longitudinal displacement u͑x , t͒ related to coordinate translating at speed c and the transverse displacement v͑x , t͒ related to the spatial frame.
Study the motion of the beam in a reference frame moving in the axial direction and at speed c. The beam is a one-dimensional continuum undergoing an in-plane motion in the moving reference frame, the Eulerian equation of motion of a continuum gives
where a comma preceding x or t denotes partial differentiation with respect to x or t, ͑x , t͒ is the axial disturbed stress, and M͑x , t͒ is the bending moment. The viscoelastic material of the beam obeys the Kelvin model, with the constitution relation
where, E is Young's modulus, is the dynamic viscosity, and the disturbed strain ͑x , t͒ of the beam is given by the nonlinear geometric relation
For a slender beam ͑for example, with I / ͑Al 2 ͒ Ͻ 0.001͒, the linear moment-curvature relationship sufficiently accurate
͑4͒
In the moving reference frame, the beam itself is without any axial transportation, while the boundaries are moving in speed c. In the present investigation, only the fixed the boundary conditions are considered as follows:
To avoid the moving boundary conditions ͑5͒ and ͑6͒, which are difficult to tackle, the transformation of coordinates is introduced as follows"
Then, expressed in the new coordinates, the boundary conditions have a simpler form
Under the new coordinates, the partial derivatives with respect to x and t remain invariant, and the total time derivatives changes as follows:
Substitution of Eqs. ͑2͒, ͑4͒, and ͑10͒ into Eq. ͑1͒ yields
To cast Eqs. ͑5͒, ͑9͒, ͑11͒, and ͑15͒ dimensionless, introduce the transformation
and define the new parameters
where dimensionless parameter k f 2 accounts for the bending stiffness of the beam, dimensionless parameter ␣ denotes the dynamic viscosity, dimensionless parameter k 1 represents the effect of nonlinearity, dimensionless parameter k 2 represents the effects of nonlinearity associated with the dynamic viscosity, ␥ and f͑x , t͒ are the dimensionless axial speed and transverse load respectively. Under transformation ͑12͒, Eq. ͑11͒ can be expressed in the new parameters defined by Eq. ͑13͒ as
while Eq. ͑3͒ remains invariant. The boundary conditions becomes
The finite difference method will be employed to solve numerically Eq. ͑14͒ with Eq. ͑3͒. Introduce the L ϫ T equispaced mesh grid with time step and space step h
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Denote the function values u͑x , t͒ and v͑x , t͒ at ͑x j , t n ͒ as u n j and v n j . Application of centered difference approximations to the time, space, and mixed partial derivatives leads to
Substitution of Eqs. ͑18͒ and ͑19͒ into Eq. ͑14͒ leads to a set of algebraic equations with respect to u n j and v n j that can be solved as under boundary conditions ͑15͒ and ͑16͒ for prescribed parameters and initial conditions. At the spatial boundary x =0 or j =0, boundary condition ͑16͒ yields v 0 n = 0. Furthermore, assume the existence of v −1 n at x =−h. Then boundary condition ͑16͒ yields v 1 n = v −1 n . In addition, the term v, xxxxx is ignored at the boundary. Similar technique can be used to deal with u 
Steady-State Response to Periodical Loads
For periodical transverse loads, the beam may move periodically after a short transition time. Such periodical motion is referred as the steady-state response. Usually, the periodical steadystate responses are not sensitive to initial conditions. In the following, the beam center displacement is used to represent the beam motion. For an odd N, v ͑N+1͒/2 is the beam center displacement. It is assumed that the external transverse load is a spatially uniformly distributed periodic force as f͑x , t͒ = b cos͑t͒, where b is the excitation amplitude and is the excitation frequency. With the emphasis on transverse motion, the initial conditions for Eq. ͑14͒ are
where a͑x͒ = 0.00001x 2 ͑1−x͒ 2 is used in all examples. The final steady-state response is actually independent from the initial conditions, while the various initial conditions may lead to different transient processes.
Consider a beam with modulus of elasticity E = 2.1ϫ 10 11 Pa and density = 7850 kg/ m 3 . Let the dynamic viscosity = 6344.02, the initial tension P 0 = 7850 N, the axial speed ␥ = 25.86 m / s, and the cross section of the beam being a rectangle with the width W = 0.0135 m and the height H = 0.0277 m. Then Eq. ͑13͒ yields ␥ = 0.5, k f = 0.8, k 1 = 100, ␣ = 0.0001, and k 2 = 0.0156. As k 1 represents the effect of nonlinearity, it is called the nonlinear coefficient. Because, physically, k 2 is rather small, its variation has no discernible effect on the steady-state response. Therefore, in the following calculations, choose k 2 = 0 for the sake of simplicity. In this case, the natural frequencies of the linear elastic system can be numerically solved ͑for example, Ref. ͓25͔͒ as 1 = 18.107, 2 = 49.706, and 3 = 97.140. Based on the numerical solutions of Eq. ͑14͒ under the fixed boundary condition, Figs. 1 and 2, respectively, show the transverse displacement of the beam center in the first mode ͑ = 18.107͒ and in the third mode ͑ = 97.140͒. In both cases, the numerical results demonstrate that a response depending on initial conditions occurs at the beginning phase, then the transition appears, and finally a steady-state response forms. In the calculations, the spatial step h = 0.01 ͑L = 100͒ and the temporal step = 0.000025 ͑T =8ϫ 10 6 ͒. The amplitude of steady-state periodical response depends on the load frequency. Actually, the steady-state response has constant local maximums of v ͑N+1͒/2 , which is amplitude A of the beam center. The relation between the load frequency and the response is depicted in Fig. 3 . The numerical results demonstrate that a resonance may occur if the load frequency approaches any natural frequency of the linear elastic system. The jumping phenomenon, a typical nonlinear phenomenon, occurs in the first resonance. In fact, the jumping phenomenon is a consequence of the multivaluedness of the response curves in the resonance regions. On the other hand, there exists no jumping phenomenon in the second and the third resonances. In addition, the response amplitude in the first resonance is much larger than those in the second and the third resonances, and the response amplitude in the third resonance is bigger than that in the second resonance. The possible reason is that the beam center is close to a nodal point in the second modal function.
The effects of related parameters on the response amplitudes can be numerically determined. Because the responses in no resonance cases and the second resonance are rather small, only the Figure 4 illustrates the effects of the nonlinear coefficient k 1 with k f = 0.8, ␥ = 0.5, ␣ = 0.0001, b = 0.5 ͑in the first resonance͒, 1 ͑in the third resonance͒, and k 1 =75 ͑dash-dot lines͒, 100 ͑solid lines͒ in the first resonance and k 1 = 100 ͑dash-dot lines͒, 150 ͑solid lines͒ in the third resonance. With the increases of k 1 , the amplitude-frequency response curves bends much to the right, while the peak values decrease. Figure 5 illustrates the effects of the excitation amplitude on the amplitude-frequency response curves. In Fig. 5 , k f = 0.8, ␥ = 0.5, k 1 = 100, ␣ = 0.0001, and b = 0.5 ͑dash-dot lines͒, 0.75 ͑solid lines͒ in the first resonance and b =1 ͑dash-dot lines͒, 1.5 ͑solid lines͒ in the third resonance. With the growth of load amplitude b, steadystate response amplitude A increases in the all regions. Figure 6 demonstrates the effects of viscosity coefficient ␣ on the amplitude-frequency response curves. In Fig. 6 , k f = 0.8, ␥ = 0.5, k 1 = 100, and b = 0.5 in the first resonance and b = 1 in the second resonance, and ␣ = 0.0001 ͑dot lines͒ or ␣ = 0.0005 ͑solid lines͒ in the first resonance and ␣ = 0.00002 ͑dot lines͒ or ␣ = 0.0001 ͑solid lines͒ in the third resonance. With the increase in ␣, A decreases in the resonance regions. In the first resonance, although the dynamic viscosity increases five-fold, there is still a slight difference only in the amplitude because the absolute values of the dynamic viscosity in both cases are very small. It can also be concluded that the response amplitude in the third resonance is more sensitive to the dynamic viscosity.
Comparisons With Nonlinear Models of Transverse Vibration
In small but finite stretching problems in literature of nonlinear oscillations, the coupling between transverse and longitudinal vibrations is assumed neglectable and only a few lower order nonlinear terms need to be retained. Inserting u = 0 into Eq. ͑14͒ and then omitting higher order nonlinear terms yield a governing equation of transverse vibration under an external load in the dimensionless form
On the other hand, the quasistatic stretch assumption means that one can use the averaged value of the disturbed tension 1 / l͐ 0 l ͓AE L + A͑ L,t + ␥ L,x ͔͒dx to replace the exact value AE + A͑, t + c, x ͒. In this case, Eq. ͑22͒ becomes
Equations ͑22͒ and ͑23͒ are two nonlinear models of transverse vibrations. The finite difference method will be employed to solve numerically Eqs. ͑22͒ and ͑23͒. Based on mesh grid ͑17͒, numerical solution v͑x , t͒ to Eq. ͑22͒ or Eq. ͑23͒ is the grid value v n j solved from the equation with the substitution of Eq. ͑19͒ into Eq. ͑22͒ or Eq. ͑23͒ with boundary condition ͑21͒ and initial condition ͑16͒.
Let k f = 0.8 and ␥ = 0.5. Based on the numerical solutions of Eqs. ͑14͒, ͑22͒, and ͑23͒, the differences between the models can be investigated via the amplitude-frequency ͑described by = − 1 ͑or 3 ͒͒ response curves near the resonances. Figures 7 and 8 illustrate, respectively, the amplitude-frequency response curves in the first and third resonances for different nonlinear coefficients, load amplitudes, and viscosity coefficients. In Figs. 7 and 8, the dots, the dash-dot lines, and the solid lines stand for the numerical solutions to Eq. ͑14͒, ͑22͒, and ͑23͒. The numerical results demonstrate that three models qualitatively predict the same tendencies with the changing parameters, while quantitatively, there are certain differences and results from Eq. ͑23͒ are closer to those from Eq. ͑14͒.
Based on the numerical solutions of Eqs. ͑14͒, ͑22͒, and ͑23͒, the differences between the models can be investigated via the shape of beams in the resonances. During the vibration, the shape and 10, the dots, the dash-dot lines and the solid lines stand for the numerical solutions to Eqs. ͑14͒, ͑22͒, and ͑23͒, respectively. In all cases, results from Eq. ͑22͒ or Eq. ͑23͒ are close to those from Eq. ͑14͒, and those from Eq. ͑23͒ are closer. In addition, Figs. 9 and 10 show the slight lack of symmetry in the beam deflections, and the fact illustrates the effect of the axial motion. It should be remarked that, in the above examples, the largest displacement is almost 10% of the whole beam span. Therefore, Transactions of the ASME even if the vibration is reasonable large, the transverse modes ͑22͒ and ͑23͒, especially Eq. ͑23͒, still yield satisfactory results.
Conclusions
This paper is devoted to steady-state periodical response in planar vibration of axially moving viscoelastic beams subjected external transverse loads. The planar vibration is governed by a set of coupled nonlinear partial-differential equations. The finite difference scheme is developed to solve the governing equations numerically. The coupled governing equations can reduce to two kinds of governing equations of transverse vibration. One is a nonlinear partial-differential equation, and the other is a nonlinear integropartial-differential equation. The steady-state responses can be calculated from the three models. The investigation leads to the following conclusions.
͑1͒ Under the periodical transverse loads, there are steady-state periodic responses in transverse vibration. ͑2͒ Resonance occurs if the external load frequency approaches the natural frequencies of the corresponding linear elastic system. The response in the first resonance is the largest. ͑3͒ In the resonance, the amplitudes of steady-state periodical responses increase with the external loads and decrease with the nonlinear coefficient and the dynamic viscosity. ͑4͒ Qualitatively, the three models predict the same tendencies with the changing parameters. ͑5͒ Quantitatively, there are certain differences. In the view of both the center amplitude and the beam shape, the nonlinear integropartial-differential equation yields the results closer to those from the coupled equations. Thus the nonlinear model with an integral term is better than the other. The differences among the three models are not sensitive to the nonlinear coefficients, the dynamic viscosity, and the external load amplitudes.
